Abstract: This paper empirically compares the usefulness of information included in the volatility index (VIX) against several generalized autoregressive conditional heteroskedasticity (GARCH) models for predicting downside risk in the US stock market. Our main findings are as follows. First, using the univariate logit and quantile regression models, we reveal that the previous day's VIX and the forecast S&P 500 volatilities from GARCH, exponential GARCH (EGARCH), power GARCH (PGARCH), and threshold GARCH (TGARCH) models have statistically significant predictive power for large declines in the S&P 500. Second, direct comparisons with the multiple logit and quantile regression models demonstrate that the volatility forecasts from the EGARCH, PGARCH, and TGARCH models dominate the predictive power of the previous day's VIX; and we also clarify that the predictive power of volatility forecasts from the EGARCH and TGARCH models is much stronger. Third, our additional tests further suggest that the forecast VIX, the forecast volatility of VIX, and the forecast volatility of the first log differences of VIX cannot outperform the S&P 500 volatility forecasts from econometric models in predicting US stock market downside risk. Fourth, our vector-half (VECH), Baba-Engle-Kraft-Kroner (BEKK), dynamic conditional correlation (DCC), and asymmetric DCC (ADCC) multivariate GARCH (MGARCH) 
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PUBLIC INTEREST STATEMENT
This work empirically compares the usefulness of information included in the volatility index (VIX) with several GARCH-type econometric models for predicting downside risk in the US stock market. Our key findings are as follows. First, we reveal that the volatility forecasts from the EGARCH, PGARCH, and TGARCH models dominate the predictive power of the previous day's VIX, and that the predictive power of the volatility forecasts from the EGARCH and TGARCH models is much stronger. Second, around the US Lehman bankruptcy, there is almost perfect correlation across all three volatilities, the previous day's VIX and the EGARCH and TGARCH models' volatility forecasts, although ordinarily they are not always perfectly correlated. Our primary contribution is to clarify that econometric model volatility forecasts are superior in predicting the US stock market downside risk. We emphasize the importance of developing sophisticated econometric models and using econometric model volatility forecasts in practice.
Introduction
When and why do stock markets suddenly and sharply fall, and does this phenomenon relate to the psychology of market participants? We well know that rapid and drastic declines in stock prices strongly affect the economy. Hence, providing robust evidence as to the nature of downside risk in stock markets is a crucial concern in business, economics, and finance. The US volatility index (VIX), which is a measure of implied volatility obtained from options markets, is an important indicator of stock market risk, and is often referred to as the "fear gauge" because it is thought to reflect negative stock market psychology. The question is whether the fear gauge accurately predicts downside risk in stock markets. Alternatively, would the volatility forecasts from econometric models, especially from several generalized autoregressive conditional heteroskedasticity (GARCH) models, predict downside risk in stock markets more effectively? TGARCH models is much stronger. Third, our additional tests clarify that forecast VIX, the forecast volatility of VIX, and the forecast volatility of the first log differences of VIX do not outperform the forecast volatilities from econometric models in predicting large declines in the US stock market. Fourth, our vector-half (VECH), Baba-Engle-Kraft-Kroner (BEKK), dynamic conditional correlation (DCC), and asymmetric DCC (ADCC) multivariate GARCH (MGARCH) analyses demonstrate that the time-varying correlations between the volatility forecasts from the EGARCH and TGARCH models are much higher than the correlations between the previous day's VIX and the volatility forecasts from the EGARCH or TGARCH models. Finally, our VECH-, BEKK-, DCC-, and ADCC-MGARCH analyses also reveal almost perfect correlations around the US Lehman Brothers bankruptcy across all three volatility series. The key contribution of our work is the empirical clarification that econometric model volatility forecasts are superior to VIX in predicting the US stock market downside risk. In addition, the primary implications of our work are the importance of developing further sophisticated and effective technical models for academics and the significance of employing and applying econometric model volatility forecasts for practitioners.
The remainder of the paper is organized as follows. Section 2 reviews the existing literature. Sections 3 and 4 describe our data and research design, respectively. Sections 5-8 explain our respective models and empirical results. Section 9 discusses the interpretation and implications from our results and Section 10 summarizes our findings.
Literature review
We consider that we can divide the extant studies relating to downside risk in stock markets into two streams. The first stream of the literature analyzes downside risk by focusing on the information contained in market data. The second stream of the literature investigates downside risk by focusing on the application of various econometric techniques.
Starting with the first stream of the literature, Giot (2005) found a positive relation between the VIX and future S&P 100 index returns. Fung (2007) also concluded that, corresponding to a 1997 stock market crash in Hong Kong, future realized volatility was well forecast by implied volatility. Later, Coudert and Gex (2008) suggested that risk-aversion indicators, including the VIX, are superior leading indicators of stock market crises, while Chung et al. (2011) demonstrated that the information contained not in the VIX but in VIX options improved the predictive power of the returns, volatility, and density of the S&P 500.
In other work, Berger and Pukthuanthong (2012) extended the Pukthuanthong and Roll (2009) measure of market integration to provide a systemic risk estimate within international stock markets. They also suggested that an increase in their risk measure indicated a greater likelihood of global market crashes.
1 Li et al. (2015) suggested that the information embedded in S&P 500 options and futures was useful for predicting financial crises. 2 However, in all of these studies, comparison of the downside risk predictive power of implied volatility and that of the volatility forecasts from several GARCH models was not a focus.
In terms of the second stream of the literature, while there has been no rigorous empirical comparison of downside risk predictive power, many studies have suggested the effectiveness of the various GARCH models for modeling asset price volatility (e.g. Bollerslev, 1986; Charles & Darné, 2005; Franses & Ghijsels, 1999; Sakata & White, 1998; Zhang & King, 2005) . In a recent study, Wong (2010) suggested the saddle point technique to accurately back test the downside tail risk of S&P 500 returns. This study clarified that during the 1987 US stock market crash, risk models incorporating skewed and fat-tailed distributions and jumps failed to capture tail risk adequately.
Further, Chesney et al. (2011) analyzed the impact on international financial markets of terrorist events using different methods. Specifically, they used an event study, a nonparametric methodology, and a filtered GARCH-EVT approach, and suggested that, among these three alternatives, the best was the nonparametric approach.
3 Later, Bates (2012) explored the ability of time-changed Lévy processes to capture stochastic volatility and the fat tails observed in US stock market returns from 1926 to 2010. 4 Charles and Darné (2014) investigated the events that strongly affected the volatility of the Dow Jones Industrial Average (DJIA) index over the period from 1928 to 2013 by applying a semiparametric test based on the Glosten-Jagannathan-Runkle (GJR) model, which is a variant of the GARCH model. Their objective was the identification of those episodes that shocked the DJIA index. Thus, they did not compare the predictive power of implied volatility and the forecast volatility from the GJR model. Other studies that have employed GARCH-type models include Engle (1982) , Engle, Lilien, and Robins (1987) , Nelson (1991) , Ding, Granger, and Engle (1993) , Engle and Ng (1993) , Glosten, Jagannathan, and Runkle (1993) , Bekaert and Wu (2000) , Alexander and Lazar (2006) , Lundblad (2007) , Alexander, Lazar, and Stanescu (2013) , and Bekaert, Engstrom, and Ermolov (2015) , among many others.
As discussed, many studies have employed various GARCH models to yield interesting evidence based on different focuses and objectives. However, as the above literature review suggests, although there are suggestions of the effectiveness of various GARCH models for capturing the dynamics of volatility in stock markets, no existing study compares the downside risk predictive power of implied volatility, VIX, with that of the volatility forecasts from various GARCH models. Accordingly, this study focuses in particular on the comparison of (1) the usability of the information embedded in the VIX for S&P 500 with (2) the ability of modern econometric tools in the form of several GARCH models, to forecast downside risk in the US stock market. By conducting a rigorous empirical examination, for what we believe is the first time, we aim to derive highly robust evidence on the relative superiority of the two alternatives in the US stock market. We thus emphasize that deriving clear evidence from comprehensive empirical examinations by rigorously applying modern econometric models as our present study will contribute not only to deepen our knowledge but also to encourage our future-related research in many fields.
Data and variable constructions
To analyze the predictive power for downside risk in the US, we first use the daily values of VIX close, which is a popular measure of the implied volatility from S&P 500 index options, and denote this variable as iv. All VIX close data are from the Chicago Board Options Exchange (CBOE). Next, to derive the other predictors of downside risk, using the daily time-series of the S&P 500 close price p S&P500 , we construct the daily percentage log return of the S&P 500, which is calculated and denoted as
] × 100. The data source for the daily time-series of S&P 500 close prices is the Thomson Reuters.
Applying four kinds of GARCH models, we next construct four kinds of forecast volatility series of dlogsp. First is the forecast volatility from a GARCH(1,1) model ; and the above four GARCH models have generalized error distribution (GED) errors. 5 We also include the following four control variables. First is the default spread def, being Moody's Baa corporate bond yield minus Moody's Aaa corporate bond yield. Second is dex, which is the first-difference series of the trade-weighted US dollar index. Third is the term premium term, being the difference between the 10-year US government bond yield and the 3-month Treasury bill rate. Finally, we have dff, which is the first-difference series of the effective federal funds rate. All data for constructing the four control variables are from the Federal Reserve Economic Data (FRED) database.
To scrutinize the various possibilities for the information contained in the VIX, we construct six forecasts as follows. First is ivf ARMA(2, 1) , which is the forecast VIX from an autoregressive moving average ARMA(2,1) model. Second is ivf is the forecast volatility of dlogsp, which is derived from the TGARCH(1,1) model. Further, def denotes the default spread; dex is the first-difference series of the trade-weighted US dollar index; term represents the term premium; and dff is the first-difference series of the effective federal funds rate. Moreover, ivf ARMA(2, 1) denotes the forecast VIX, which is derived from the ARMA(2,1) model; ivf ARMA(4, 4) represents the forecast VIX, which is derived from the ARMA(4,4) model;
tgf iv denotes the forecast volatility of the VIX, which is derived from the TGARCH(1,1) model;
is the forecast volatility of the VIX, which is derived from the EGARCH(1,1) model;
represents the forecast volatility of the first log differences of the VIX, which is derived from the TGARCH(1,1) model; and egf dlogiv denotes the forecast volatility of the first log differences of the VIX, which is derived from the EGARCH(1,1) model.
All statistics in this table are those for our out-of-sample period that is from 3 January 2006 to 28 February 2014, and the number of daily observations for this period is 2,038. In this study, we first build and specify forecast models by using the samples of our in-sample period, which is from 2 January 1990 to 30 December 2005, and then empirically compare the predictive power of various variables for downside risk in the US stock market in our out-of-sample period. Our full sample period spans 2 January 1990 to 28 February 2014, for which we use the in-sample period from 2 January 1990 to 30 December 2005 to determine the parameters for our forecast models. We then test the predictive power of the model forecasts for the out-of-sample period, 3 January 2006 to 28 February 2014. Interestingly, the time of the US Lehman Brothers collapse is included in our out-of-sample period. Table 1 displays the descriptive statistics for the 16 variables described above. All statistics in Table 1 are for the out-of-sample period because our comparison of the predictability of the various variables is for this period. , the mean value of VIX is slightly higher. The values of skewness and kurtosis are almost the same in the five volatility variables. Next, the forecast values of VIX from the two ARMA models appear to be estimated accurately because the mean, standard deviation, skewness, and kurtosis values of ivf ARMA(2, 1) and ivf ARMA(4, 4) are almost the same as those for iv, respectively. Further, comparing . Figure 1 plots the daily time-series of the S&P 500 and VIX values. As shown, the S&P 500 quickly declines while the VIX drastically increases around the US Lehman shock on 15 September 2008.
Research design
We carefully design this study to include several steps in our investigation. First, to analyze the predictability of downside risk in the US stock market, we use logit models. Specifically, we compare the predictability of downside risk for the previous day's VIX 7 with the volatility forecasts from four GARCH models using the following models: (1) univariate logit models including either the one-day lagged VIX or the forecast volatility from one of the four GARCH models; (2) multiple logit models including both the one-day lagged VIX and the forecast volatility from one of the four GARCH models; (3) multiple logit models including the one-day lagged VIX, the forecast volatility from one of the four GARCH models, and the four control variables already discussed. Second, our next procedure involves robustness checks using quantile regressions. More concretely, we again check the predictability of downside risk for the one-day lagged VIX and the forecast volatilities from the four GARCH models using: (1) univariate quantile regression models including either the one-day lagged VIX or the forecast volatility from one of the four GARCH models; (2) multiple quantile regression models including both the one-day lagged VIX and the forecast volatility from one of the four GARCH models; (3) multiple quantile regression models including the one-day lagged VIX, the forecast volatility from one of the four GARCH models, and the four control variables.
Third, our next set of analyses further investigates the usability of the information contained in the VIX. We first test the downside risk predictability of (1) the forecast VIX from the two ARMA models using univariate logit and univariate quantile regression models; and then analyze the downside risk predictability of (2) the forecast volatilities of VIX from the TGARCH and EGARCH models using univariate logit and quantile regression models. Next, we investigate the downside risk predictability of (3) the forecast volatilities of the first log differences of VIX, as derived from the TGARCH and EGARCH models, also using univariate logit and quantile regression models.
Finally, we explore the dynamic relations and their differences between the previous day's VIX and the forecast volatilities from the more effective forecasting models, namely the TGARCH and EGARCH models. Specifically, we analyze the time-varying correlation coefficients among the three measures of volatility using the VECH-, BEKK-, DCC-, and ADCC-MGARCH models.
Testing downside risk predictability with logit models

Volatility forecasting models
For testing the downside risk predictability of VIX and the forecast volatilities from the econometric models, we first collect the S&P volatility forecasts from four types of univariate GARCH models. More specifically, we first employ the following GARCH(1,1) model (Bollerslev, 1986) : and using this model (1), obtain the forecast volatility of S&P 500, ̂g f dlogsp .
In addition, we also apply the following EGARCH(1,1) model (Nelson, 1991) : and using this model (2), obtain the forecast volatility of S&P 500, ̂e gf dlogsp . Moreover, we further use the following PGARCH(1,1) model (Ding et al., 1993): where the parameters h > 0 and |η pg | ≤ 1, and using this model (3), obtain the forecast S&P volatility, ̂p gf dlogsp . Furthermore, the following TGARCH(1,1) model (Glosten et al., 1993; Zakoian, 1994 ) (4) is also employed to obtain the S&P volatility forecasts, ̂t 
Simple tests
In order to examine the stock market downside risk predictive power of the VIX and forecast volatilities from the four GARCH models, we begin our empirical comparison by applying the following univariate logit model:
where ), the predictive power of the one-day lagged VIX is less than that of the forecast volatilities from the four econometric models.
More specifically, for downside risk that exceeds 99% Value at Risk (VaR), the forecast volatility from the TGARCH model is the best predictor (MF-R 2 = 0.250857), and similarly for the TGARCH for 98.5% VaR (MF-R 2 = 0.190221), the TGARCH for 98% VaR (MF-R 2 = 0.127788), the TGARCH for 97.5% VaR (MF-R 2 = 0.106875), the EGARCH for 97% VaR (MF-R 2 = 0.092101), and the EGARCH for 95% VaR (MF-R 2 = 0.082080). Therefore, our initial simple tests show that in the context of the US stock market, the forecast volatilities derived from the TGARCH and EGARCH models have stronger downside risk predictive power than the other predictors.
Direct comparison: VIX versus forecast volatilities
We next conduct a more direct comparison. That is, we compare the downside risk predictive power of the VIX with that of the predicted volatilities from the four GARCH models by applying the following multiple logit model: , and k takes a value of 99.0, 98.5, 98.0, 97.5, 97.0, or 95.0. Thus, in this model (6) Table 3 details the empirical results derived from model (6). As shown, almost all the volatility forecasts from the EGARCH, PGARCH, and TGARCH models statistically significantly predict downside risk for the S&P 500. In contrast, the estimated coefficients for the one-day lagged VIX are mostly negative or insignificant. Hence, the results again suggest that the previous day's VIX has less predictive power than the forecast volatilities from the econometric models.
More concretely, as shown in the above tests, for downside risk exceeding 99% VaR, the forecast volatility from the TGARCH model is the best predictor (MF-R 2 = 0.277187), and similarly for the TGARCH for 98.5% VaR (MF-R 2 = 0.197413), the EGARCH for 98% VaR (MF-R 2 = 0.137424), the TGARCH for 97.5% VaR (MF-R 2 = 0.111233), the EGARCH for 97% VaR (MF-R 2 = 0.095827), and the EGARCH for 95% VaR (MF-R 2 = 0.082204). Based on these results, we can see that once again the forecast volatilities from the EGARCH and TGARCH models are the strongest predictors of downside risk in the US stock market.
Further tests with control variables
We further examine the downside risk predictive power of VIX and the volatility forecasts from the four GARCH models after including control variables. Namely, we next apply the following multiple logit model, which includes four control variables:
where, as before, Δsp t = p Table 4 provides the results using model (7). As shown, almost all the forecast volatilities from the GARCH, EGARCH, PGARCH, and TGARCH models statistically significantly predict the downside risk of the S&P 500, whereas the coefficients for the one-day lagged VIX are again mostly negative or insignificant. Therefore, once again, the previous day's VIX is inferior to the volatility forecasts from econometric models in predicting downside risk in the US stock market.
More specifically, for downside risk exceeding 99% VaR, the forecast volatility from the TGARCH model is the best predictor (MF-R 2 = 0.315876), and similarly for the TGARCH for 98.5% VaR (MF-R 2 = 0.217889), the TGARCH for 98% VaR (MF-R 2 = 0.154566), the EGARCH for 97.5% VaR (MF-R 2 = 0.205427), the EGARCH for 97% VaR (MF-R 2 = 0.107021), and the TGARCH again for 95% VaR (MF-R 2 = 0.088127). Therefore, the above results again show that the forecast volatilities from the EGARCH and TGARCH models better predict downside risk in the US stock market than does the VIX.
Robustness checks using quantile regressions
This section implements robustness checks of the results presented in the previous section. As below, we conduct further analyses with different approaches using quantile regressions.
Simple tests
We begin our robustness checks by applying the following univariate quantile regression model:
where Δsp j% t denotes the j-percentile point of the distribution of the S&P 500 price changes. In addition, x t−i denotes the variable, iv t−1 , ̂g
, j takes a value of 1.0, 1.5, 2.0, 2.5, 3.0, or 5.0, and i is either zero or one. Thus, model (8) enables us to test the predictive power of variable x t−i for the j% downward risk in the left tail of the price change distribution for the US stock market. In this model, a negative coefficient for a variable infers the predictive power of the tail risk. Table 3 .
(Continued)
Notes: This table exhibits the results of empirical comparisons of the predictive power of the one-day lagged VIX of S&P 500 and the forecast S&P 500 volatilities derived from various GARCH models. These tests are conducted in our out-of-sample period that is from 3 January 2006 to 28 February 2014, and all investigations are conducted using multiple logit models. Each multiple logit model includes a constant term, the one-day lagged VIX, and the forecast volatility derived from one of the four GARCH models. In the tests, we use the one-day lagged VIX close values and the out-of-sample forecast volatilities derived from GARCH(1,1), EGARCH(1,1), PGARCH(1,1), and TGARCH(1,1) models. All above models used to derive the forecast volatilities are specified in our in-sample period, 
−4.411*** 0.000
−4.226*** 0.000
−3.960*** 0.000
0.085*** 0.008
0.066** 0.030 Table 5 , the predictive power of the previous day's VIX is lower than that of the forecast volatilities from the EGARCH, PGARCH, and TGARCH models.
More specifically, for downside risk of 1% left-tail risk for price changes in the S&P 500, the forecast volatility from the TGARCH model is the best predictor (adjusted-R 2 = 0.196455), and similarly for the EGARCH for downside tail risk of 1.5% (adjusted-R 2 = 0.186060), the EGARCH for downside tail risk of 2% (adjusted-R 2 = 0.175194), the EGARCH for downside tail risk of 2.5% (adjusted-R 2 = 0.165310), the EGARCH for downside tail risk of 3% (adjusted-R 2 = 0.155252), and the EGARCH for downside tail risk of 5% (adjusted-R 2 = 0.124073). Hence, similar to the results from the logit models, these results indicate that the forecast volatilities from the EGARCH and TGARCH models are stronger downside risk predictors than is the previous day's VIX.
Direct comparison: VIX versus forecast volatilities
We conduct a second robustness check using the following multivariate quantile regression model: , and j takes a value of 1.0, 1.5, 2.0, 2.5, 3.0, or 5.0. In this model, and as before, a negative coefficient infers that a variable has predictive power for the j% tail risk. Table 6 provides the empirical results for model (9), with the values suggesting that almost all the EGARCH, PGARCH, and TGARCH model predictors statistically significantly forecast the downside risk of the S&P 500, while the coefficients of the one-day lagged VIX are mostly positive or insignificant. Notes: This table exhibits the results of empirical comparisons of the predictive power of the one-day lagged VIX of S&P 500 and the forecast S&P 500 volatilities from various GARCH models. These tests are conducted in our out-of-sample period that is from 3 January 2006 to 28 February 2014, and all investigations are conducted by using multiple logit models. Each multiple logit model includes a constant term, the one-day lagged VIX, the forecast volatility from one of the four GARCH models, and four control variables. Our control variables are the one-day lagged default spread, the one-day lag of the first-difference series of the trade-weighted US dollar index, the one-day lagged term premium, and the one-day lag of the first-difference series of the effective federal funds rate. All GARCH models used to derive the forecast volatilities are specified in our in-sample period, which is from 2 January 1990 to 
−22.024*** 0.000
−17.575*** 0.000
−12.939*** 0.000
−2.030*** 0.000 Once again, the predictive power of the previous day's VIX is weaker than that of the predictors from the econometric models.
More concretely, for left-tail downside risk of 1%, the forecast volatility from the EGARCH model predicts best (adjusted-R 2 = 0.200778), and similarly for the EGARCH for 1.5% left-tail risk (adjusted-R 2 = 0.189994), the EGARCH for 2% left-tail risk (adjusted-R 2 = 0.176695), the EGARCH for 2.5% left-tail risk (adjusted-R 2 = 0.167572), the EGARCH for 3% left-tail risk (adjusted-R 2 = 0.156119), and the EGARCH for 5% left-tail risk (adjusted-R 2 = 0.123669). Hence, our multiple quantile regression analyses using model (9) suggest that the EGARCH model most strongly predicts US stock market downside risk.
Notes: This table exhibits the results of empirical comparisons of the predictive power of the one-day lagged VIX of S&P 500 and the forecast S&P 500 volatilities from various GARCH models. These tests are conducted in our out-of-sample period that is from 3 January 2006 to 28 February 2014. All examinations are conducted by using the multiple quantile regression models. Each multiple quantile regression model includes a constant term, the one-day lagged VIX, and the forecast volatility from one of the four GARCH models. In the tests, we use the one-day lagged VIX close values and the out-of-sample forecast volatilities derived from GARCH(1,1), EGARCH(1,1), PGARCH(1,1), and TGARCH(1,1) models. All above models used to derive the forecast volatilities are specified in our insample period, which is from 2 January 1990 to 30 December 2005. In this . Further, j takes a value of 1.0, 1.5, 2.0, 2.5, 3.0, or 5.0, and def t−1 , dex t−1 , term t−1 , and dff t−1 are the control variables. 12.165** 0.039
13.042*** 0.003
12.272*** 0.000 risk, whereas the coefficients for the previous day's VIX are mostly positive or insignificant. Hence, once again, the previous day's VIX exhibits lower predictive power than the predictors from the econometric models.
Specifically, for 1% left-tail risk, the strongest predictor is the EGARCH model (adjusted-R 2 = 0.225475), and similarly for the TGARCH for 1.5% left-tail risk (adjusted-R 2 = 0.206828), the TGARCH for 2% left-tail risk (adjusted-R 2 = 0.190458), the TGARCH for 2.5% left-tail risk (adjusted-R 2 = 0.177116), the TGARCH for 3% left-tail risk (adjusted-R 2 = 0.165545), and the TGARCH again for 5% left-tail risk (adjusted-R 2 = 0.134190). Similar to the logit test results, our robustness checks using model (10) again demonstrate that for the downside risk in the US stock market, the forecast volatilities from EGARCH and TGARCH models are better predictors than the VIX.
Based on these results, we display the daily time-series evolution of the VIX close and the forecast volatilities of the percentage log return of the S&P 500 from the EGARCH model (Panel A) and the TGARCH model (Panel B) in Figure 2 . We emphasize again that these two series from the two GARCH models display the strongest predictive power in our out-of-sample period from 3 January 2006 to 28 February 2014, a period including the Lehman shock. Notes: This table exhibits the results of empirical comparisons of the predictive power of the one-day lagged VIX of S&P 500 and the forecast S&P 500 volatilities from various GARCH models. These tests are conducted in our out-of-sample period that is from 3 January 2006 to 28 February 2014. All examinations are conducted using multiple quantile regression models. Each multiple quantile regression model includes a constant term, the one-day lagged VIX, the forecast volatility from one of the four GARCH models, and four control variables. Our control variables are the one-day lagged default spread, the one-day lag of the first-difference series of the trade-weighted US dollar index, the one-day lagged term premium, and the one-day lag of the first-difference series of the effective federal funds rate. All GARCH models used to derive the forecast volatilities are specified in our in-sample period, which is from 2 January 1990 to 30 December 2005. Further, Adj. R 2 in this table denotes the adjusted R-squared value.
Coefficients
*Statistical significance of coefficients at the 10% level.
**Statistical significance of coefficients at the 5% level.
***Statistical significance of coefficients at the 1% level.
Further scrutinies of VIX information
All results presented above robustly show that the downside risk predictive power of the VIX is weaker than that of the volatility forecasts from EGARCH and TGARCH models. However, could we use the information included in the VIX in a different way? Put differently, is there any way to derive more effectively the predictive power of the VIX? In order to examine this possibility, we further scrutinize the information included in the VIX below. We consider that these additional tests also function as robustness checks for our previous results.
Testing the predictability of the forecast VIX
Our first additional examination uses the forecast VIX derived from ARMA models. In fact, as explained earlier, ARMA(p, q) models supply good forecast values of VIX. Thus, using these forecast values, we first test the downside risk predictive power of the forecast VIX by applying the following univariate logit model: Figure 3 presents the daily time-series of the closing prices of the S&P 500 and the forecast VIX close values from the ARMA(2,1) model (Panel A) and ARMA(4,4) model (Panel B) . We can see that these two series from the two ARMA models, shown for our out-of-sample period, display a very similar dynamic evolution.
The results for model (11) are shown in Panels A and B of Table 8 , and these are to be compared with those in Table 2 . As shown in Panel A of Table 8 , with regard to the forecast VIX from the ARMA(2,1) model, MF-R 2 = 0.187138 for 99% VaR (the highest MF-R 2 in Table 2 was 0.250857 for the TGARCH model), 0.155051 for 98.5% (0.190221 for TGARCH), 0.100719 for 98% (0.127788 for TGARCH), 0.087131 for 97.5% (0.106875 for TGARCH), 0.077690 for 97% (0.092101 for EGARCH), and 0.078521 for 95% (0.082080 for EGARCH).
Further, as shown in Panel B of (11) show that in terms of US stock market downside risk prediction, the predictive power of the forecast VIX from ARMA(2,1) and ARMA(4,4) models is also inferior to that of the forecast S&P 500 volatilities from the econometric models. This is because all of the MF-R 2 values are lower than the best results in Table 2 . Next, we examine the downside risk predictive power of the information contained in VIX using the following univariate quantile regression model: 
Testing the predictability of the forecast volatilities of VIX
Our second examination uses the forecast volatility of VIX derived from EGARCH and TGARCH models. 9 Both the EGARCH and TGARCH models used to derive the volatility forecasts of VIX are determined in our in-sample period from 2 January 1990 to 30 December 2005. Using these forecast volatilities of VIX for our out-of-sample period, we further test the predictive power for downside risk by applying the following univariate logit model:
where ̂x gf iv,t denotes the forecast volatility of VIX at time t from the EGARCH or TGARCH model. In addition,
, and k takes a value of 99.0, 98.5, 98.0, 97.5, 97.0, or 95.0 . Figure 4 plots the daily time-series of VIX and the forecast volatilities of VIX from the EGARCH model (Panel A) and TGARCH model (Panel B) . Plots of these series are for our out-of-sample period from 3 January 2006 to 28 February 2014.
The results from model (13) are shown in Panels A and B of Table 9 , with the results to be again compared with the best results in Table 2 . Panel A of Table 9 shows that for the forecast volatility of VIX from the EGARCH model, the MF-R 2 values are 0.198383 (vs. 0.250857 in Table 2 ) for 99% VaR, 0.155018 (0.190221) for 98.5%, 0.093926 (0.127788) for 98%, 0.080073 (0.106875) for 97.5%, 0.068501 (0.092101) for 97%, and 0.066565 (0.082080) for 95%.
As shown in Panel B of Table 9 , for the forecast volatility of VIX from the TGARCH model, the MF-R 2 values are 0.183171 (vs. 0.250857 in Table 2 ) for 99% VaR, 0.145232 (0.190221) for 98.5%, 0.089643 (0.127788) for 98%, 0.075311 (0.106875) for 97.5%, 0.063524 (0.092101) for 97%, and 0.063225 (0.082080) for 95%. Once again, the US stock market downside risk predictive power of the forecast volatilities of VIX from the EGARCH and TGARCH models is lower than that of the forecast S&P 500 volatilities from the econometric models, again because all of the MF-R 2 values are lower than the best values of MF-R 2 in Table 2 .
(13)
We also test the downside risk predictive power of the forecast VIX volatilities using the following univariate quantile regression model: Notes: This figure presents the daily time-series evolution of the first log differences of the VIX and the forecast volatilities from the EGARCH(1,1) model with GED errors (Panel A) and the TGARCH(1,1) model with GED errors (Panel B) . These series are exhibited for our out-of-sample period from 3 January 2006 to 28 February 2014, and this period includes the date of the US Lehman Brothers bankruptcy. Two kinds of GARCH models used to derive the forecast volatilities of the first log differences of the VIX are specified in our insample period, which is from 2 January 1990 to 30 December 2005. Table 9 .
Panel A. First log differences of the VIX and the forecast volatility from the EGARCH model
(Continued)
Notes: This table exhibits the predictive power of the forecast volatilities of the VIX from the EGARCH(1,1) model with GED errors and the TGARCH(1,1) model with GED errors. These tests are conducted in our out-of-sample period from 3 January 2006 to 28 February 2014 using univariate logit models (Panels A and B) and univariate quantile regressions (Panels C and D). Two kinds of GARCH models used to derive the forecast volatilities of the VIX are specified in our in-sample period, which is from 2 January 1990 to 30 December 2005. In this table, MF-R 2 denotes the McFadden's R-squared value and Adj. R 2 is the adjusted R-squared value.
The results from model (14) are in Panels C and D of Table 9 , again for comparison with the best results in Table 5 . Panel C of Table 9 shows that for the forecast volatility of VIX from the EGARCH model, the Adj. R 2 values are 0.139215 (vs. 0.196455 in Table 5 ) for 1% left-tail risk, 0.124371 (0.186060) for 1.5%, 0.113298 (0.175194) for 2%, 0.111053 (0.165310) for 2.5%, 0.107057 (0.155252) for 3%, and 0.082926 (0.124073) for 5%. 
7.691 0.133
10.253* 0.051
7.705 0.231
−6.982*** 0.000
−7.172*** 0.000
−5.771*** 0.000 Table 5 ) for 1% tail risk, 0.125359 (0.186060) for 1.5%, 0.114556 (0.175194) for 2%, 0.111407 (0.165310) for 2.5%, 0.106773 (0.155252) for 3%, and 0.084665 (0.124073) for 5%. Therefore, we can again see that in terms of US stock market downside risk prediction, the predictive power of the forecast volatilities of VIX from the EGARCH and TGARCH models is inferior to that of the S&P 500 volatility predictors from the econometric models. This is because, as shown in Panels C and D of Table 9 , all values of Adj. R 2 are smaller than the best Adj. R 2 values in Table 5 .
Testing the predictive power of the forecast volatilities of the first log differences of VIX
Our next set of tests uses the forecast volatilities of the first log differences of VIX from the EGARCH and TGARCH models. Once again, using our in-sample period, we determine both the EGARCH and TGARCH models to derive the forecast volatilities of the first log differences of VIX, and test the downside risk predictive power of the forecasts in our out-of-sample period by estimating the following univariate logit model:
where ̂x gf dlogiv,t is the forecast volatility of the first log differences of VIX at time t from the EGARCH or
, and k takes a value of 99.0, 98.5, 98.0, 97.5, 97.0, or 95.0. Figure 5 plots the daily time-series evolution of the first log differences of VIX and the forecast volatilities of the first log differences of VIX from the EGARCH model (Panel A) and the TGARCH model (Panel B) . The series plots are for the out-of-sample period from 3 January 2006 to 28 February 2014.
We detail the estimation results for model (15) in Panels A and B of Table 10, with the results again compared with the best results in Table 2 . Panel A of Table 10 shows that for the forecast volatility of the first log differences of VIX from the EGARCH model, the MF-R 2 values are 0.149994 (vs. 0.250857 in Table 2 ) for 99% VaR, 0.119788 (0.190221) Notes: This table exhibits the predictive power of the forecast volatilities of the first log differences of the VIX, which are from the EGARCH(1,1) model with GED errors and the TGARCH(1,1) model with GED errors. These tests are conducted in our out-of-sample period from 3 January 2006 to 28 February 2014 using univariate logit models (Panels A and B) and univariate quantile regressions (Panels C and D). Two kinds of GARCH models used to derive the forecast volatilities of the first log differences of the VIX are specified in our in-sample period, which is from 2 January 1990 to 30 December 2005. In this EGARCH and TGARCH models is less than that of the forecast S&P 500 volatilities from the econometric models. This is because all values of MF-R 2 in Panels A and B of Table 10 are smaller than the best values in Table 2 .
We also test the downside risk predictive power of the forecast volatilities of the first log differences of VIX using the following univariate quantile regression model:
where ̂x gf dlogiv,t denotes the forecast volatility of the first log differences of VIX at time t from the EGARCH or TGARCH model, Δsp j% t is the j-percentile point of the distribution of S&P 500 price changes, and j takes a value of 1.0, 1.5, 2.0, 2.5, 3.0, or 5.0.
The results from model (16) are in Panels C and D of Table 10 for comparison with the best results in Table 5 . As shown in Panel C of Table 5 ) for 1% left-tail risk, 0.103989 (0.186060) for 1.5%, 0.090095 (0.175194) for 2%, 0.084158 (0.165310) for 2.5%, 0.076957 (0.155252) for 3%, and 0.048767 (0.124073) for 5%. In sum, the results derived from the quantile regressions again demonstrate that the forecast volatilities of the first log differences of the VIX from the EGARCH and TGARCH models cannot outperform the forecast volatilities of the S&P 500 from econometric models in predicting downside risk. This is because all values of Adj. R 2 in Panels C and D of Table 10 are smaller than the best values in Table 5 .
Exploring the dynamic linkages between VIX and forecast volatilities
In order to inspect the dynamic linkages between VIX and the EGARCH and TGARCH volatility forecasts, we next use four multivariate GARCH models. In MGARCH models, the mean equations are as follows:
where the dependent variables are, y t = [y 1,t y 2,t ] � ; their means, = [ 1 2 ] � ; and the error terms,
given we assume bivariate GARCH models in our analyses. Further, the variance-covariance matrix of the bivariate GARCH model at time t is as follows:
The first MGARCH model used in our analyses is the following bivariate VECH model (Bollerslev, Engle, & Wooldridge, 1988): where vech(·) denotes the vector-half operator and W, A, and B are coefficient matrices.
Our next MGARCH model is the following bivariate BEKK model (Engle & Kroner, 1995): where , , and are coefficient matrices. 
vech (H t 
We also use the following DCC-and asymmetric DCC (ADCC)-MGARCH models (Cappiello, Engle, & Sheppard, 2006; Engle, 2002): In the bivariate DCC and ADCC models, the dynamic changes in conditional volatility, Using Q t , we can obtain the time-varying correlation coefficient matrix R t , whose diagonal elements are equal to one and nondiagonal elements are less than one by the following transformation:
MGARCH models for analyzing the dynamic linkage between VIX and forecast EGARCH volatility
We explain our MGARCH models used in this study more specifically. Denoting that ̃2 eg t is the variance of forecast volatility from the EGARCH model, ̃e g t ,iv t−1 is the covariance of the forecast volatility from the EGARCH model and one-day lagged VIX, and ̃2 iv t−1 is the variance of the one-day lagged VIX (hereinafter, we use tilde to signify that the variable is time-varying), our bivariate (diagonal) VECH model for analyzing the dynamic linkage between VIX at time t − 1 and forecast EGARCH volatility at time t is as follows:
Q t = q 11,t q 12,t q 21,t q 22,t = (1 − − )Q + t−1
Next, our (diagonal) BEKK model for analyzing the dynamic linkage between VIX at time t − 1 and forecast EGARCH volatility at time t is as follows:
Further, our bivariate DCC and ADCC models for investigating the dynamic relations between VIX at time t − 1 and forecast EGARCH volatility at time t are as follows:
where The diagonal components are derived using GARCH(1,1) models:
and further, R eg t −iv t−1 t is derived as where Q eg t −iv t−1 t is specified using Equation (23) for DCC model and Equation (24) 
We also use the bivariate (diagonal) BEKK model to analyze the dynamic linkage between VIX at time t − 1 and forecast TGARCH volatility at time t as follows: is specified using Equation (23) for DCC model and Equation (24) for ADCC model.
MGARCH models for analyzing the dynamic linkage between forecast EGARCH and TGARCH volatilities
Denoting that ̃2 eg t is the variance of forecast volatility from the EGARCH model, ̃e g t ,tg t is the covariance of the forecast volatility from the EGARCH model and forecast volatility from the TGARCH model, and ̃2 tg t is the variance of the forecast volatility from the TGARCH model, our bivariate (diagonal) VECH model for investigating the dynamic relationship between forecast EGARCH volatility at time t and forecast TGARCH volatility at time t is as follows:
Further, our (diagonal) BEKK model for investigating the dynamic relationship between forecast EGARCH volatility at time t and forecast TGARCH volatility at time t is as follows:
Finally, our bivariate DCC and ADCC models for analyzing the dynamic linkage between forecast EGARCH volatility at time t and forecast TGARCH volatility at time t are as follows:
where The diagonal components are derived using GARCH(1,1) models: is specified using Equation (23) for DCC model and Equation (24) for ADCC model.
Results of the investigations
Figures 6 and 7 display the time-varying correlations between the previous day's VIX and the volatility forecasts from the EGARCH and TGARCH models, which in this instance we derive from bivariate VECH and BEKK models, respectively. Panels A and B of Figure 6 and Panels A and B of Figure 7 show that the time-varying correlations between the one-day lagged VIX and the forecast volatility from the EGARCH model and those between the one-day lagged VIX and the forecast volatility from the TGARCH model are generally highly correlated, although they show negative correlations in some phases.
In contrast, as shown in Panel C of Figure 6 and Panel C of Figure 7 , the time-varying correlations between the forecast volatility from the EGARCH model and that from the TGARCH model are much more strongly correlated and exhibit almost no negative correlation. Interestingly, Panels A-C of Figure 6 and Panels A-C of Figure 7 demonstrate that during the Lehman shock in the US, all the three volatility series are almost perfectly correlated.
Next, Figures 8 and 9 display the time-varying correlations between the previous day's VIX and the forecast volatilities from the EGARCH and TGARCH models, as derived from the bivariate DCC and ADCC models, respectively. Panels A and B of Figure 8 and Panels A and B of Figure 9 show that the time-varying correlations between the one-day lagged VIX and the forecast volatility from the EGARCH model and those between the one-day lagged VIX and the forecast volatility from the TGARCH model are generally highly correlated, although they again show some negative correlations in some periods, as illustrated in Figures 6 and 7 . In comparison, as shown in Panel C of Figure 8 and Panel C of Figure 9 , the time-varying correlations between the forecast volatility from the EGARCH model and that from the TGARCH model are much more highly correlated. It is again very interesting to note that Panels A-C of Figure 8 and Panels A-C of Figure 9 also demonstrate that during the US Lehman shock, all the three volatility series are almost perfectly correlated.
Discussion-interpretation and implications
This section discusses the interpretation and implications from our empirical study. As our empirical results showed, the previous day's VIX does indeed have predictive power in relation to the US stock market downside risk. However, the forecast volatilities from modern econometric models, such as the EGARCH and TGARCH models, outperform the VIX in predicting large price declines in the US stock market. We interpret this inferiority of VIX for downside risk forecasting as being the result of the unstable market psychology, reflected in the so-called fear gauge derived from options markets. Econometric models, in contrast, mechanically and relatively stably produce their forecasts without being affected by the market psychology mirrored in options markets. That is, we consider that this characteristic difference between VIX and volatility forecasts from modern econometric models leads to the different forecasting power for downside risk in the US stock market. Again, we emphasize that market psychology is generally unstable, although it can usually assist in foreseeing the direction of financial markets.
Next, we discuss the implications of our study. First, as our empirical results demonstrate, the development of effective econometric models and techniques within the academic sphere is important. Therefore, our evidence should encourage academics to develop newer sophisticated statistical and econometric models that are useful and effective for analyzing and forecasting actual data in the real world. Moreover, for practitioners, such as regulators and policy-makers, our evidence implies that to consider using volatility forecasts from econometric models is important. For 
Summary and conclusion
This paper empirically compared the downside risk predictive power contained in the VIX of S&P 500 with that of the forecast S&P 500 volatilities from various econometric models. The careful and rigorous analyses undertaken in this study provide rich, comprehensive, and robust evidence as follows.
(1) First, our analyses using both univariate logit and quantile regression models found that the previous day's VIX and all forecast volatilities from the GARCH, EGARCH, PGARCH, and TGARCH models have statistically significant predictive power for downside risk in the US stock market.
(2) Second, by applying univariate logit and quantile regression models, we also showed that as regards downside risk in the US stock market, the predictive power of the previous day's VIX was clearly lower than the volatility forecasts from EGARCH and TGARCH models.
(3) Third, direct comparisons of the downside risk predictive power of the previous day's VIX with that of the forecast volatilities from the econometric models using multiple logit and quantile regression models suggested that the predictive power of the previous day's VIX was dominated by the volatility forecasts from the EGARCH, PGARCH, and TGARCH models. In particular, the forecast volatilities from the EGARCH and TGARCH models more strongly dominated the previous day's VIX in predicting downside risk in the US stock market.
(4) Fourth, further direct comparisons conducted by including several control variables also demonstrated that the predictive power of the previous day's VIX was again dominated by the forecast volatilities from the EGARCH, PGARCH, and TGARCH models. Moreover, in all testing models with control variables, the forecast volatilities from the EGARCH and TGARCH models greatly dominated the predictive power of the previous day's VIX.
(5) Fifth, our additional tests further revealed that the downside risk predictive power of (i) the forecast VIX, (ii) the forecast volatility of VIX, and (iii) the forecast volatility of the first log differences of VIX exhibited weaker predictive power than that of the forecast S&P 500 volatilities from the econometric models. These results were robustly obtained from the tests using both logit and quantile regression models.
(6) Sixth, our VECH-, BEKK-, DCC-, and ADCC-MGARCH analyses revealed that the time-varying correlations between the previous day's VIX and the forecast volatilities from the EGARCH or TGARCH models were generally highly correlated, although they exhibited negative correlations in some periods. On the other hand, the time-varying correlations between the forecast volatilities from the EGARCH and TGARCH models were much more strongly connected.
(7) Finally, our VECH-, BEKK-, DCC-, and ADCC-MGARCH analyses further showed that, very interestingly, around the Lehman Brothers bankruptcy in the US, all three volatility series were almost perfectly correlated with each other.
As the above evidence demonstrates, VIX is indeed effective in predicting downside risk in the US stock market. However, the information included in VIX cannot outperform the forecast volatilities from modern econometric models in predicting large stock price declines in the US. We consider that our findings are highly robust as we have carefully and thoroughly scrutinized the data from a variety of angles. Therefore, the findings in this paper will contribute not only to the existing body of literature but also to our future relevant research developments. We note that the highly robust evidence we derived for the US stock market could apply to other markets. Hence, further research using other international data based on the results of this paper will be one of our future research tasks.
